
 

 

 Chapter 2: 

Fundemental of discrete dynamic system 

 

𝑓(𝑡)

𝑇 

-f(t) = f(t + T)          𝑇 = 2𝜋 𝜔⁄  

𝜔𝑓(𝑡)

-
f(t) = a0 + ∑(al cos ωlt +  bl sin ωlt)

∞

l=1

          l = 1,2, 3, … 

𝑙𝜔l𝑇𝑙 

-𝜔l = 𝑙𝜔 = 2𝜋 𝑙 𝑇⁄ = 2𝜋 𝑇𝑙⁄ ;          𝑇𝑙 = 𝑇/𝑙 
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=
4

1
×  [(

1

2𝜋𝑙
sin 2𝜋𝑙𝑡)|

0

0.50

− (
1

2𝜋𝑙
 sin 2𝜋𝑙𝑡)|

0.5

1

]

=
2

𝜋𝑙
(sin 𝜋𝑙 − sin 0) −

2

𝜋𝑙
(sin 2𝜋𝑙 − sin 𝜋𝑙) 

=
2

𝜋𝑙
(2 sin 𝜋𝑙 − sin 0 − sin 2𝜋𝑙) = 0

𝑏𝑙 =
2

𝑇
∫ 𝑓(𝑡) sin 

2𝜋𝑙

𝑇
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𝑇
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∫ 2 sin

2𝜋𝑙
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2𝜋𝑙
cos 
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𝑡)|
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 −
4

1
 (−

𝑇

2𝜋𝑙
cos 

2𝜋𝑙

𝑇
𝑡)|
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1

= −
2

𝜋𝑙
(cos 𝜋𝑙 − cos 0) +

2

𝜋𝑙
(cos 2𝜋𝑙 − cos 𝜋𝑙) 

 

=
2

𝜋𝑙
(1 − cos 𝜋𝑙) +

2

𝜋𝑙
(cos 2𝜋𝑙 − cos 𝜋𝑙) =

2

𝜋𝑙
(1 − 2 cos 𝜋𝑙 + cos 2𝜋𝑙) 

= {
8

𝜋𝑙
              𝑙 =  1,3, 5, …   

0              𝑙 =  2,4, 6, …
 

𝑓(𝑡)

∑(bl sin ωlt )

∞

l=1

= ∑ (
8

𝜋𝑙
 sin 2πlt )

∞

l=1

          𝑙 =  1,3, 5, …   

=
8

π
(

1

1
 sin 2πt +

1

3
 sin 6πt

1

5
 sin 8πt + ⋯ ) 
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-sin(𝜔𝑡 + 𝜙) = sin 𝜙 cos 𝜔𝑡 + cos 𝜙 sin 𝜔𝑡 

𝑙

0.00

2.55

0.00

0.85

0.00

0.51

0.00

0.36

0.00

0.28

0.00

0.23

0.00
0.20

0.00
0.17

0.00
0.15

0.00
0.13

0.00
0.0

0.5

1.0

1.5

2.0

2.5

3.0

A
m

p
lit

u
d

e

𝜔l

Fourier Amplitude Spectrum

Amplitude



 

 

 

-sin(𝜔𝑙𝑡 + 𝜙𝑙) = sin 𝜙𝑙 cos 𝜔𝑙𝑡 + cos 𝜙𝑙 sin 𝜔𝑙𝑡 

𝑎𝑙 = 𝐶𝑙 sin 𝜙𝑙𝑏𝑙 = 𝐶𝑙 cos 𝜙𝑙

-
𝐶𝑙 sin(𝜔𝑙𝑡 + 𝜙𝑙) = 𝐶𝑙 sin 𝜙𝑙 cos 𝜔𝑙𝑡 + 𝐶𝑙 cos 𝜙𝑙 sin 𝜔𝑙𝑡 

𝐶𝑙 sin(𝜔𝑙𝑡 + 𝜙𝑙) = 𝑎𝑙 cos 𝜔𝑙𝑡 + 𝑏𝑙 sin 𝜔𝑙𝑡 

𝑎0

-𝐶0 + ∑ 𝐶𝑙 sin(𝜔𝑙𝑡 + 𝜙𝑙)

∞

𝑙=1

= 𝑎0 + ∑ 𝑎𝑙 cos 𝜔𝑙𝑡 + 𝑏𝑙 sin 𝜔𝑙𝑡

∞

𝑙=1

= 𝑓(𝑡) 

𝑓(𝑡):

-𝑓(𝑡) = 𝐶0 + ∑ 𝐶𝑙 sin(𝜔𝑙𝑡 + 𝜙𝑙)

∞

𝑙=1

 

-
tan 𝜙𝑙 =

𝑎𝑙

𝑏𝑙
            𝜙𝑙 = arctan

𝑎𝑙

𝑏𝑙
 

𝐶0 = 𝑎0                    Cl
2 = al

2 + bl
2           

 

𝑓(𝑡)𝑇

-

𝑓(𝑡) = 𝐹0 + ∑(𝐹𝑙𝑒𝑖𝜔𝑙𝑡 + 𝐹−𝑙𝑒
−𝑖𝜔𝑙𝑡)

∞

𝑙=1

 

𝐹0 =
1

𝑇
∫ 𝑓(𝑡)𝑑𝑡

𝑇

0

𝐹𝑙 =
1

𝑇
∫ 𝑓(𝑡)𝑒−𝑖𝜔𝑙𝑡𝑑𝑡

𝑇

0

𝐹−𝑙 =
1

𝑇
∫ 𝑓(𝑡)𝑒𝑖𝜔𝑙𝑡𝑑𝑡

𝑇

0

 



 

𝑓(𝑡)𝑇

-𝑓(𝑡) = ∑ 𝐹𝑙𝑒
𝑖𝜔𝑙𝑡

∞

𝑙=−∞

       𝐹𝑙 =
1

𝑇
∫ 𝑓(𝑡)𝑒−𝑖𝜔𝑙𝑡𝑑𝑡

𝑇

0

 

 

𝑇

𝑇 = 1 𝑠𝑒𝑐

𝑓(𝑡) = ∑ 𝐹𝑙𝑒
𝑖𝜔𝑙𝑡

∞

𝑙=−∞

       𝐹𝑙 =
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𝑇
∫ 𝑓(𝑡)𝑒−𝑖𝜔𝑙𝑡𝑑𝑡

𝑇

0

= ∫ 𝑓(𝑡)𝑒−𝑖𝜔𝑙𝑡𝑑𝑡
𝑇

0

𝐹𝑙 = ∫ 𝑓(𝑡)𝑒−𝑖𝜔𝑙𝑡𝑑𝑡
𝑇

0

= ∫ 2𝑒−𝑖𝜔𝑙𝑡𝑑𝑡
0.5

0

+ ∫ −2𝑒−𝑖𝜔𝑙𝑡𝑑𝑡
1.0

0.5

 

𝐹𝑙 =
2

−𝑖𝜔𝑙
𝑒−𝑖𝜔𝑙𝑡|

0

0.5
+

−2

−𝑖𝜔𝑙
𝑒−𝑖𝜔𝑙𝑡|

0.5

1.0
 

𝐹𝑙 =
2

−𝑖𝜔𝑙
[𝑒−𝑖𝜔𝑙𝑡|

0

0.5
− 𝑒−𝑖𝜔𝑙𝑡|

0.5

1.0
] 

𝐹𝑙 =
2

−𝑖𝜔𝑙
[(𝑒−0.50𝑖𝜔𝑙 − 1) − (𝑒−𝑖𝜔𝑙 − 𝑒−0.50𝑖𝜔𝑙)] 

𝐹𝑙 =
2

−𝑖𝜔𝑙
[−1 + 2𝑒−0.50𝑖𝜔𝑙 − 𝑒−𝑖𝜔𝑙)] 
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𝐹𝑙 =
2

−𝑖𝜔𝑙

[−1 + 2 cos 0.50𝜔𝑙 − 2𝑖 sin 0.50𝜔𝑙) − (cos 𝜔𝑙 − 𝑖 sin 𝜔𝑙)] 

𝐹𝑙 =
2

−𝑖2𝜋𝑙
[−1 + 2 cos 𝜋𝑙 − 2𝑖 sin 𝜋𝑙) − (cos 2𝜋𝑙 − 𝑖 sin 2𝜋𝑙)] 

𝐹𝑙 =
2

−𝑖2𝜋𝑙
[−1 + 2 cos 𝜋𝑙 − cos 2𝜋𝑙] 

𝐹𝑙 =
𝑖

𝜋𝑙
[−1 + 2 cos 𝜋𝑙 − 1] =

𝑖

𝜋𝑙
[−2 + 2 cos 𝜋𝑙] 

𝐹𝑙 = {
−4𝑖

𝜋𝑙
          𝑙 = 1, 3, 5, …

0                𝑙 = 2, 4, 6, …
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-𝑓(𝑡) =
1

𝜋
∫ 𝐴(𝜔) cos 𝜔𝑡 + 𝐵(𝜔) sin 𝜔𝑡  𝑑𝑡

∞

0

 

-

𝐴(𝜔) = ∫ 𝑓(𝑡) cos 𝜔𝑡 𝑑𝑡
+∞

−∞

 

𝐵(𝜔) = ∫ 𝑓(𝑡) sin 𝜔𝑡 𝑑𝑡
+∞

−∞

 

-

𝑓(𝑡) =
1

2𝜋
∫ ℱ(𝜔) 𝑒𝑖𝜔𝑡𝑑𝜔

+∞

−∞

 

ℱ(𝜔) = ∫ 𝑓(𝑡) 𝑒−𝑖𝜔𝑡𝑑𝑡
+∞

−∞

 

𝑓(𝑡)
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𝑓(𝑡) =
1

2𝜋
∫ ℱ(𝜔) 𝑒𝑖𝜔𝑡𝑑𝜔

+∞

−∞

 

ℱ(𝜔) = ∫ 𝑓(𝑡) 𝑒−𝑖𝜔𝑡𝑑𝑡
+∞

−∞

= ∫ 2 𝑒−𝑖𝜔𝑡𝑑𝑡
+1

−1

= ∫ 2(cos 𝜔𝑡 − 𝑖 sin 𝜔𝑡)𝑑𝑡
+1

−1

 

ℱ(𝜔) =
2

𝜔
(sin 𝜔𝑡 + 𝑖 cos 𝜔𝑡)|

−1

+1

 

ℱ(𝜔) =
2

𝜔
[sin 𝜔 − sin(−𝜔) + 𝑖 cos 𝜔𝑡 − 𝑖 cos(−𝜔)] = 4

sin 𝜔

𝜔
 

 

 

 

 

 

 

 

 

 

  

𝑅(𝑡)𝑓(𝑡)𝑃(𝜔)ℱ(𝜔)-
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-

𝑅(𝑡) =
1

2𝜋
∫ 𝑃(𝜔) exp(𝑖𝜔𝑡) 𝑑𝜔

+∞

−∞

 

𝑃(𝜔) = ∫ 𝑅(𝑡) exp(−𝑖𝜔𝑡) 𝑑𝑡
+∞

−∞

 

1 (2𝜋)⁄𝑅(𝑡)

(𝑃(𝜔) (2𝜋)⁄ )𝜔

𝑖𝜔𝑡

𝑇𝑛

𝑛

∆𝜔

∆𝜔 = 2𝜋 𝑇⁄𝑡𝑗 = 𝑗 ∆𝑡 = 𝑗𝑇 𝑛⁄𝜔𝑙 = 𝑙 ∆𝜔 = 𝑙 2𝜋/𝑇-

-

𝑅(𝑡𝑗) =
∆𝜔

2𝜋
∑ 𝑃(𝜔𝑙)

𝑛−1

𝑙=0

exp (2𝜋𝑖
𝑙𝑗

𝑛
)                 𝑗 = 0, 1, … , 𝑛 − 1 

𝑃(𝜔𝑙) = ∆𝑡 ∑ 𝑅(𝑡𝑗)

𝑛−1

𝑗=0

exp (−2𝜋𝑖
𝑙𝑗

𝑛
)            𝑙 = 0, 1, … , 𝑛 − 1 

∆𝜔 𝑃(𝜔𝑙) (2𝜋)⁄

𝜔𝑙



 

 

 

𝜔𝑚𝑎𝑥

-𝜔𝑚𝑎𝑥 =
𝑛

2
 ∆𝜔 =

𝜋

∆𝑡
 

 

{𝑅(𝑡𝑗)}𝜔𝑙

{𝑃(𝜔𝑙)}

-[𝑆(𝜔𝑙)]{𝑢(𝜔𝑙)} = {𝑃(𝜔𝑙)} 

-[𝑆(𝜔𝑙)] = [𝐾] + 𝑖𝜔𝑙[𝐶] − 𝜔𝑙
2[𝑀] 

[𝐾][𝐶]𝜔𝑙

[𝐾∗][𝐾]

-{𝑢(𝜔𝑙)}

-{𝑟(𝑡𝑗)} =
∆𝜔

2𝜋
∑ 𝑢(𝜔𝑙) exp (2𝜋𝑖

𝑙𝑗

𝑛
)

𝑛−1

𝑙=0

 

-



 

 

𝑚𝑘 = 112𝜋

 

 

 

 

-𝑚𝑟̈ + 𝑘𝑟 = 𝑅(𝑡) 

𝑅(𝑡)𝑓(𝑡)

-

𝑅(𝑡) = 𝑓(𝑡) = ∑ (
8

𝜋𝑙
 sin 2πlt )

∞

l=1

          𝑙 =  1,3, 5, …   

𝑅(𝑡) = 𝑓(𝑡) =
8

π
(

1

1
 sin 2πt +

1

3
 sin 6πt

1

5
 sin 8πt + ⋯ ) 

𝑟𝑐(𝑡)𝑟𝑝(𝑡)

-𝑟(𝑡) = 𝑟𝑐(𝑡) + 𝑟𝑝(𝑡)   
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-𝑟(𝑡) = 𝑟𝑝(𝑡)   

𝑅(𝑡)𝑅0

𝜔

-𝑟(𝑡) = 𝑟𝑝(𝑡) =
𝑅0

𝑘

1

1 − (𝜔 𝜔𝑛⁄ )2
sin 𝜔𝑡 

𝑙𝑅0 = 8 (𝜋𝑙)⁄𝜔 = 2𝜋𝑙 𝑇⁄ = 2𝜋𝑙

-

𝑟𝑙(𝑡) =
𝑅0

𝑘

1

1 − (𝜔𝑙 𝜔𝑛⁄ )2
sin 𝜔𝑙𝑡 =

8 (𝜋𝑙)⁄

1

1

1 − [2𝜋𝑙 (12𝜋)⁄ ]2
sin 2𝜋𝑙𝑡 

𝑟𝑙(𝑡) =
8

𝜋𝑙

1

1 − (𝑙/6)2
sin 2𝜋𝑙𝑡 =

8

𝜋

1

𝑙(1 − 𝑙2 36⁄ )
sin 2𝜋𝑙𝑡 

-

𝑟(𝑡) = ∑ 𝑟𝑙(𝑡)

∞

𝑙=1,3,…

=
8

𝜋
∑

1

𝑙(1 − 𝑙2 36⁄ )

∞

𝑙=1,3,…

sin 2𝜋𝑙𝑡 

𝑟(𝑡) =
8

𝜋𝑙

1

1 − 𝑙2 36⁄
sin 2𝜋𝑙𝑡 =

8

𝜋

1

𝑙(1 − 𝑙2 36⁄ )
sin 2𝜋𝑙𝑡 
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𝑚𝑘𝑐

𝑅(𝑡)𝑇

-
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𝑓(𝑡) = ∑ 𝐹𝑙𝑒
𝑖𝜔𝑙𝑡

∞

𝑙=−∞

       𝐹𝑙 =
1

𝑇
∫ 𝑓(𝑡)𝑒−𝑖𝜔𝑙𝑡𝑑𝑡

𝑇

0

 

-

𝑅(𝑡) = ∑ 𝑃(𝜔𝑙) exp(𝑖𝜔𝑙𝑡)

∞

𝑙=−∞

       𝑃(𝜔𝑙) =
1

𝑇
∫ 𝑅(𝑡) exp(−𝑖𝜔𝑙𝑡) 𝑑𝑡

𝑇

0

 

 

𝑚𝑟̈(𝑡) + 𝑐𝑟̇(𝑡) + 𝑘𝑟(𝑡) = 𝑅(𝑡) = ∑ 𝑃(𝜔𝑙) exp(𝑖𝜔𝑙𝑡)

∞

𝑙=−∞

 

 

𝑟(𝑡) = ∑ 𝑢(𝜔𝑙) exp(𝑖𝜔𝑙𝑡)

∞

𝑙=−∞

 

𝑢𝜔𝑙𝑟(𝑡)

𝑟̇(𝑡) = ∑ 𝑖𝜔𝑙𝑢(𝜔𝑙) exp(𝑖𝜔𝑙𝑡)

∞

𝑙=−∞

= 𝑖𝜔𝑙 𝑟(𝑡) 

𝑟̈(𝑡) = ∑ −𝜔𝑙
2𝑢(𝜔𝑙) exp(𝑖𝜔𝑙𝑡)

∞

𝑙=−∞

= −𝜔𝑙
2 𝑟(𝑡) 

𝑚[−𝜔𝑙
2 𝑟(𝑡)] + 𝑐 [𝑖𝜔𝑙  𝑟(𝑡)] + 𝑘[𝑟(𝑡)] = ∑ 𝑃(𝜔𝑙) exp(𝑖𝜔𝑙𝑡)

∞

𝑙=−∞

 

[𝑘 + 𝑖𝜔𝑙𝑐 − 𝑚𝜔𝑙
2 ]𝑟(𝑡) = ∑ 𝑃(𝜔𝑙) exp(𝑖𝜔𝑙𝑡)

∞

𝑙=−∞

 



 

[𝑘 + 𝑖𝜔𝑙𝑐 − 𝑚𝜔𝑙
2 ] ∑ 𝑢(𝜔𝑙) exp(𝑖𝜔𝑙𝑡)

∞

𝑙=−∞

= ∑ 𝑃(𝜔𝑙) exp(𝑖𝜔𝑙𝑡)

∞

𝑙=−∞

 

[𝑘 + 𝑖𝜔𝑙𝑐 − 𝑚𝜔𝑙
2 ]𝑢(𝜔𝑙) = 𝑃(𝜔𝑙) 

𝑟0(𝜔𝑙) =
1

[𝑘 + 𝑖𝜔𝑙𝑐 − 𝑚𝜔𝑙
2 ]

𝑃(𝜔𝑙) 

𝑙𝜔𝑙

𝑢(𝜔𝑙)𝑟(𝑡)

𝑟(𝑡) = ∑ 𝑢(𝜔𝑙) exp(𝑖𝜔𝑙𝑡)

∞

𝑙=−∞

= ∑
𝑃(𝜔𝑙)

[𝑘 + 𝑖𝜔𝑙𝑐 − 𝑚𝜔𝑙
2 ]

exp(𝑖𝜔𝑙𝑡)

∞

𝑙=−∞

 

[𝑘 + 𝑖𝜔𝑙𝑐 − 𝑚𝜔𝑙
2 ]𝑢(𝜔𝑙) = 𝑃(𝜔𝑙) 

[𝑘 + 𝑖𝜔𝑙𝑐 − 𝑚𝜔𝑙
2 ]𝑢(𝜔𝑙)

𝑆(𝜔𝑙)

𝑆(𝜔𝑙) 𝑢(𝜔𝑙) = 𝑃(𝜔𝑙) 

𝜔𝑙

𝑢(𝜔𝑙) =
1

[𝑘 + 𝑖𝜔𝑙𝑐 − 𝑚𝜔𝑙
2 ]

𝑃(𝜔𝑙)

𝑢(𝜔𝑙) = 𝐻(𝜔𝑙)𝑃(𝜔𝑙);             𝐻(𝜔𝑙) =
1

[𝑘 + 𝑖𝜔𝑙𝑐 − 𝑚𝜔𝑙
2 ]

 



 

 

 

𝐻(𝜔𝑙)

 


